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Interval Harmonic State Estimation of 

Three-phase Asymmetric Distribution Network by 

Integrating Multi-source Data 
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Abstract—Harmonic state estimation in distribution 

networks is essential for identifying harmonic sources. 

However, issues such as limited measurement redundancy, 

asynchronous measurements, and unbalanced load dis-

tributions in three-phase networks undermine the relia-

bility of existing methods in practical applications. To 

address these issues, this paper proposes an interval 

harmonic state estimation method in three-phase unbal-

anced distribution networks, integrating data from mul-

tiple sources. First, the interval multi-source harmonic 

measurement dataset is constructed by integrating asyn-

chronous harmonic measurement data from multiple 

sources. The time asynchrony of measurement data from 

power quality monitoring devices is calibrated using the 

sliding window weighted dynamic time warping algo-

rithm. Second, the interval harmonic state estimation 

model for the three-phase asymmetric distribution net-

work is constructed. The model is solved using the inter-

val-weighted least squares method, enhanced by the im-

proved Krawczyk operator, thereby minimizing the ex-

pansion resulting from interval operations. Finally, the 

feasibility and accuracy of the proposed interval har-

monic state estimation method are validated. 

Index Terms—Interval harmonic state estimation, 

three-phase distribution network, multi-source infor-

mation, asynchronous measurements. 

 

Ⅰ.   INTRODUCTION 

ith the large number of distributed renewable 

energy sources and power electronic equipment 

connected to the grid, harmonics in the three-phase 

distribution networks have shown new characteristics, 
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including strong randomness, multiple sources, and 

strong coupling. These harmonics can induce system 

resonance, leading to equipment damage and protection 

device malfunction, thus affecting network stability and 

reliability [1], [2]. Therefore, it is necessary to identify 

the distribution of harmonic sources to regulate har-

monics in distribution networks [3], [4]. Harmonic state 

estimation (HSE) is an effective technology used for 

monitoring and analyzing harmonics, providing a 

foundation for harmonic management and suppression 

[5], [6]. 

Unlike the symmetry observed in the three-phase 
parameters of transmission networks, three-phase dis-
tribution networks experience issues such as terminal 
phase loss and phase-to-phase mutual inductance [7]. 
The three phases in the distribution network are not 
transposed, leading to asymmetrical three-phase pa-
rameters along the line [8]. Furthermore, the 
three-phase distribution network accommodates con-
centrated and distributed loads along its lines. In certain 
areas, single-phase lines serve the loads, contributing to 
asymmetrical characteristics of the three-phase loads 
within the distribution network [9]. Moreover, the rising 
integration of distributed renewable energy, energy 
storage systems, and electric vehicles within distribu-
tion networks has intensified the asymmetrical charac-
teristics of three-phase distribution systems [10], [11]. 
These factors make the simplified assumptions under-
lying traditional HSE methods unsuitable for distribu-
tion networks, thereby limiting their ability to accu-
rately represent the system’s actual operating state. 
Consequently, for three-phase asymmetry distribution 
networks, implementing three-phase HSE is essential 
for accurately describing and assessing the harmonic 
conditions of the network [12], [13]. However, two 
challenges arise when conducting HSE in three-phase 
asymmetric distribution networks. 

The first challenge is the insufficient harmonic 

measurement devices in distribution networks [14]. 

Single-type harmonic measurement devices are sparsely 

deployed and do not provide coverage for all network 

nodes. This leads to unobservability in distribution 

networks [15], [16]. For unobservable networks, the 

differential synchronous phasor estimation is formulated 

W 
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as an adaptive group sparse recovery problem by sparse 

technique [17]. In [18], a static HSE method based on a 

sparse Bayesian algorithm is proposed, assuming lim-

ited phasor measurement units (PMUs) are strategically 

placed along the feeder line. In [19], the sparse pattern 

based on physics is captured, and the harmonic estima-

tion is carried out by using the mixed integer quadratic 

programming solver. In [20], the position of the har-

monic source is identified by fitting harmonic current 

radiation and selecting the minimum fitting residual. In 

[21], the sparse Bayesian method estimates the har-

monic state, with the least square method as the goal. In 

[22], independent component analysis estimates har-

monics when unknown harmonic network parameters 

are considered. Although the above researches have 

achieved HSE with limited single-type measurement 

data, the accuracy of the results is dependent on the 

location and number of measurement points, and the 

essence of the low observability of the system has not 

changed. Therefore, the system’s observability can be 

improved by integrating multiple sources of harmonic 

measurement data. 

Nonetheless, the differing sampling characteristics of 

various harmonic measurement devices imply that the 

effectiveness of the multi-source fusion method will 

significantly impact the accuracy of the estimation re-

sults [23]. Multi-source measurement fusion methods 

focus on the fundamental wave domain [24][27]. In 

the realm of harmonics, the restricted variety of har-

monic measurement devices has led to a lack of research 

on multi-source harmonic measurement fusion. In [28], 

two kinds of measurements, smart meter and trans-

former terminal units, are proposed to improve the 

system’s observability, whereas in [29], transformer 

terminal units and power quality monitoring devices 

(PQMDs) measurements are applied to enhance system 

observability. A maximum entropy principle model is 

established for the harmonic current injected into the 

bus, enabling the calculation of its probability density 

function and facilitating optimal interpolation of har-

monic data. In [30], a multi-source data-driven tech-

nique is proposed, which estimates the harmonic spec-

trum of substation feeder currents by leveraging data 

from PQMDs and the dispatching system. However, the 

above research defaults that the measurement data pro-

vided by PQMDs are definite values, ignoring the data’s 

statistical characteristics. Concurrently, the incompati-

bility of multiple types of harmonic measurement data 

on the accuracy of HSE results is overlooked. 

The second challenge is the heightened uncertainty of 

the system [31]. The intermittent nature of 

high-penetration distributed renewable energy, com-

bined with the random charging patterns of large-scale 

electric vehicles, have amplified the volatility and 

randomness within distribution networks [32], [33]. 

Numerous studies have examined the uncertainty in 

three-phase distribution networks, primarily focusing 

on the uncertainty of measurement data and power grid 

line parameters. The research methods can generally be 

classified into three categories: probability density 

function based, fuzzy membership function based, and 

interval arithmetic based [34]. Unlike the previous two 

methods, the interval method addresses uncertain vari-

ables without requiring extensive historical data to de-

rive detailed probability density functions, which are 

difficult to obtain accurately. This approach only re-

quires the upper and lower bounds of each variable, 

thereby avoiding additional human assumptions and 

minimizing the impact of subjective factors on the 

calculation results. In [35], the PQMD data is used to 

supplement PMU measurement data, and the line pa-

rameter estimation method of distribution network 

based on interval HSE is proposed. In [36], an interval 

least squares method considering parameter uncertainty 

is proposed, using sufficient PMU measurements to 

meet observability. However, most proposed interval 

HSE methods are primarily based on symmetry distri-

bution networks. The idealized system environment 

makes it challenging to describe the actual harmonic 

characteristics accurately.  

This paper proposes a multi-source data fusion 

method to estimate the interval harmonic state in 

three-phase asymmetric distribution networks. It con-

siders the network characteristics, the limited number of 

harmonic measurement devices, and the asynchrony of 

different harmonic data. A multi-source harmonic 

measurement dataset is established by integrating har-

monic data from multiple sources, and the interval 

method is used to represent harmonic uncertainty. 

Subsequently, an interval HSE model for the 

three-phase distribution network is established. The 

interval-weighted least squares method combined with 

the improved Krawczyk operator (KMWLS), is used to 

solve the problem. Finally, the validity of the proposed 

method is verified in the IEEE-34 and IEEE-123 sys-

tems. The main contribution is summarized as follows: 

1) A multi-source asynchronous harmonic meas-

urement data fusion strategy is proposed to address the 

unobservability of single-type harmonic measurements 

in three-phase distribution networks; 

2) Novel algorithms are proposed to address har-

monic measurement data asynchrony issues, including 

the sliding window weighted dynamic time warping 

algorithm and the artificial fish swarm algorithm with 

an adaptive memory mechanism; 

3) An interval HSE method is proposed to address the 

uncertainty of the measurement data and network pa-

rameters, thereby enhancing the accuracy and reliability 

of the estimation results. Furthermore, this method 
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considers the three-phase asymmetric characteristics of 

distribution networks, which is more realistic than as-

suming symmetry. 

The paper is structured as follows. Section Ⅱ elabo-

rates on the theoretical background of HSE and the 

modeling of the three-phase asymmetric distribution 

networks. Section Ⅲ outlines the multi-source har-

monic measurement fusion method, which solves the 

asynchronous problem between multi-source data. Sec-

tion Ⅳ presents the improved solution method for 

three-phase interval HSE, and Section Ⅴ discusses the 

simulation results that validate the preceding analysis. 

Finally, Section Ⅵ concludes the paper.  

Ⅱ.   HARMONIC STATE ESTIMATION OF DISTRIBUTION 

NETWORK 

A. Basic Theory 

HSE is the process of solving the harmonic state of 

the entire network under the conditions of given to-

pology, line parameters, and partial measurement sets. 

Its basic equation is: 

 ( )x z h    (1) 

where z is the quantity measurement;   is the meas-

urement error; x  is the state variable; and ( )h  is the 

measurement function. 

The optimal state variables are obtained using the 

weighted least squares (WLS) criterion, which mini-

mizes the sum of weighted squares of measurement 

errors. The objective function can be expressed as: 

    
T 1min  ( ) ( ) ( )J x x x  z h R z h  (2) 

where 1
R  is the weight of measurement z and 

2 2 2

1 2diag , , , m     R  (
2

i  denotes the variance of 

the ith measurement error and 1,2, ,i m ); and 

( )J x is the objective function value. Optimal estimated 

states are solved by the Newton iteration method: 

    
T 1( ) ( ) 0J x x x    H R z h  (3) 

      
T T1 1( ) ( ) ( ) ( )x x x x x   H R H H R z h  (4) 

where ( )H  is the Jacobian matrix of the measurement 

function and )( () xx x  hH . 

B. Establish the Three-phase Asymmetric Distribution 

Network Model 

The distribution network topology and operating 

conditions are complicated and changeable, with sig-

nificant operational uncertainty, asymmetric 

three-phase loads, and a growing impedance ratio. 

Therefore, this paper adopts the three-phase three-wire 

system with an ungrounded neutral point and estab-

lishes the three-phase three-wire model of the distribu-

tion network with a standard π-type equivalent circuit, 

as shown in Fig. 1. 

 
Fig. 1.  π type equivalent circuit topology. 

To facilitate the extraction of the line admittance 
matrix, the matrix index and matrix paradigm trans-
formation technology are introduced into the construc-
tion of the admittance matrix. This approach enables 
normative mapping from the equipment sequence pa-
rameter list of the single-phase power grid to the ad-
mittance matrix elements of the three-phase power grid. 
It also improves the efficiency of randomly accessing 
the three-phase admittance matrix. Take the line ad-

mittance 
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where 
sparsef  is the sparse matrix construction function; 

oC  and kC  represent the index numbers of nodes o and 

k respectively; linen  is the number of network branches; 

linenE  is a dimensional column vector linen  with all el-

ements being 1;  represents the Kronecker product; 

and 3I  is the identity matrix. Arranged by line numbers, 

the three-phase line admittance series submatrix abc

l_okY  

can be obtained. Perform matrix paradigm transfor-

mation on the submatrix 
abc

lY , and obtain the series 

impedance part LY  of the node three-phase admittance 

matrix: 

 
line

T
abc abc abc abc

l l_ok(1) l_ok( ) l_ok( )m n
   Y Y Y Y  (7) 

 

abc T abc T

l,o diag l l,o l,k diag l l,k

abc T abc T

l,o diag l l,k l,k diag l l,o   

( ) ( )

( ) (    )

L C f C C f C

C f C C f C

  
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Y Y Y

Y Y
 (8) 

where abc

l_ik(m)Y  is the admittance matrix with line number 

m and 
diag ( )f   is the block diagonal function for the 

corresponding matrix; and BY  is constructed in the 
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same way. To estimate the harmonic state, it is suffi-
cient to substitute the fundamental parameters in the 
admittance matrix with harmonic parameters. 

The presence of asymmetric loads and line parame-
ters in the three-phase distribution network causes some 
buses and branches to be out of phase. A virtual branch 
is introduced to the missing phase to prevent the 
three-phase impedance matrix and the state estimation 
information matrix from becoming non-invertible due 
to singular matrices. For example, for the two-phase 

line ok lacking phase A, the three-phase admittance 
matrix after introducing the virtual branch is as follows: 
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k

bb bc

k k k

cb cc

k k
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However, the positive value of the main diagonal 
element of phase A will introduce errors in the estima-
tion, which will affect the HSE accuracy. Therefore, the 
branch of phase A can be regarded as an open circuit, 
with the measurement data of the missing phase set to 0 
accordingly. Then, the calculation formulas for branch 
current and bus current are as follows: 
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The calculation formulas of the YnD-type trans-

former branch current are as follows:  
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where 
psI  and 

spI  are the branch current; 
pU  is the 

node voltage of bus p; sU  is the node voltage of bus s; 

and ty  is the per unity transformer leakage admittance. 

Ⅲ.   MULTI-SOURCE ASYNCHRONOUS HARMONIC 

MEASUREMENT DATA FUSION 

A. The Harmonic Measurement Devices in Distribution 

Networks 

Currently, µPMU and PQMD are the primary sources 

of harmonic data in three-phase distribution networks. 

The specific characteristics of their harmonic meas-

urement data are detailed in Table Ⅰ. 

TABLE Ⅰ 

HARMONIC MEASUREMENT DEVICE CHARACTERISTICS 

Measurement 

device 
µPMU PQMD 

Refresh rates 20 ms 13 min 

Data 

components 

Node voltage and 

current vectors, 

branch power, node 

injection power 

Node voltage amplitude, 

node current amplitude, 

harmonic phase angle 

based on local A phase 

voltage phase angle, node 

injected active and reactive 

power 

Time scale Exist Absent 

Transmission 

delays 
Low Medium 

Data accuracy ±0.05 ±2 

The μPMU  is primarily installed at substations and 

other critical buses. Although it can provide synchro-

nized phasor data in real time, there may be delays in 

processing and analyzing harmonic components due to 

limitations in the device’s computational capacity and 

data transmission bandwidth. The μPMU  mainly fo-

cuses on low-order harmonics in the power grid. Addi-

tionally, several characteristics of PQMD measurement 

data are worth noting: 1) PQMD records the maximum, 

minimum, average, and 95% probability maximum of 

harmonic measurements during the detection period, 

thus, PQMD measurement data is statistical data or is 

interval data; 2) PQMD lacks time correspondence 

between multiple monitoring devices, with less precise 

time synchronization than µPMU; and 3) PQMD stores 

harmonic phase angle based on the local fundamental 

voltage phase angle of phase A, instead of the actual 

phase angle. 

Since PQMD and µPMU belong to different technical 

platforms, there are numerous differences in their har-

monic measurement data: 1) different data refresh rates; 

2) different data transmission delays; and 3) different 

data components. Integrating PQMD and µPMU 

measurements directly may cause data compatibility 

issues, resulting in discrepancies between the con-

structed mathematical model and the actual system. 
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This can compromise the accuracy of HSE results, po-

tentially misguiding operational and maintenance deci-

sions, affecting the identification of harmonic sources, 

and jeopardizing the stability and security of the system. 

Therefore, this paper considers these differences when 

fusing multi-source harmonic measurement data and 

subsequently proposes a multi-source harmonic meas-

urement data fusion framework. 

B. Construct a Data Fusion Framework for Integrating 

Multi-source Harmonic Measurements 

Among the differences between PQMD and μPMU  

data, data refresh rates and transmission delays fall 

under the time synchronization issues category. For 

multi-source harmonic measurements to be used effec-

tively for HSE at a given moment, its time synchroni-

zation must meet specific requirements. Thus, to en-

hance observability and reduce the asynchrony error of 

harmonic measurement data in the three-phase distri-

bution network, this paper focuses on integrating mul-

ti-source harmonic data in terms of data time scale and 

data refresh rates, establishing a multi-scale harmonic 

measurement data fusion framework, as shown in Fig. 2. 

 

Fig. 2.  Diagram of multi-source harmonic measurement fusion. 

The specific fusion steps are as follows. 

1) A sliding window weighted dynamic time warping 

(SWWDTW) algorithm is proposed to solve the prob-

lem of time asynchronism among PQMD measurement 

points. The PQMD dataset is constructed by calculating 

the time distance between the sampled data of each 

PQMD monitoring device within the time window, and 

selecting the minimum time distance of the harmonic 

measurement data from each PQMD measurement point. 

This part of the research corresponds to Section Ⅲ.C. 

2) The artificial fish swarm algorithm based on the 

adaptive memory mechanism (AMAFSA) is adopted to 

calculate fundamental wave phase information. Then, 

combined with phase information recorded in PQMD, 

the harmonic phase information calibration is realized. 

This part of the research corresponds to Section Ⅲ.D. 

3) Using the information domain buffer technology, 

the adjacent measurement time of the reference PQMD 

is used as the buffer time length of μPMU  measurement, 

and then interval μPMU  measurements are obtained. 

An interval multi-source harmonic measurement data 

set is constructed. This part of the research corresponds 

to Section Ⅲ.E. 

C. Select the Measurement Data with Minimum Asyn-

chronous Time of PQMD Measurement Data 

To minimize the asynchronous time of PQMD data in 

the measurement data set, this paper proposes a 

SWWDTW algorithm. Assume there are n sampling 

sequences in a PQMD measurement data, and N meas-

urement points constitute the PQMD dataset  
1

N

i i
X X


  

For the PQMD series 1( , , , , )i i it inX x x x        and 

'1( , , , , )jj jt jnX x x x      , to avoid the unnatural warp-

ing caused by traditional dynamic time warping algo-

rithm during matching [37], the sliding window tech-

nology is used, which generates a window timing matrix 

by moving a window with a given time window width T. 

The series  iX  and 
jX  are represented as 

-window , ,( , , )i i k i k TX x x    and -window , ,( , , )j j k j k TX x x   . 

Considering that PQMD is only installed at key buses of 

the distribution network, a weight vector 

 1 2, , ,i i i iNw w w w   is assigned to each PQMD meas-

uring point, defined as: 

 

 

 

2

( , ) ,

2

( , )
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1

t
i ii

t
j ij

it itt
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x t t Wij

x x
W

w
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W





 



 
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 
 

 

 

 (14) 

where t

ijW  is the alignment path between the sequences 

iX  and 
jX ; in addition, a minimum value   is added 

to the denominator, with a value of 610 , to prevent the 

denominator from being zero. 

Then, the distance between any two points in the two 

sequences becomes: 

 '

2

1

( )( , )
m

it jt it it jt jt

t

d x x w x w x 



   (15) 

By assigning different weights to each data series, the 

asynchrony of each measurement data can be better 

distinguished. Subsequently, the cumulative distance 

matrix D  between two series within the time window 

can be constructed, and the cumulative distance matrix 

at any time can be expressed as: 

 
 , -1 , -1 , -1 , -1

( , ) ( , )

min ( , ),  ( , ),  ( , )

it jt it jt

i t jt it j t i t j t

D x x d x x

D x x D x x D x x

 

  

 
 (16) 

Then, based on dynamic programming principles and 

related constraints, the path with the smallest cumula-

tive distance matrix D  matches the two sequences. The 

alignment path 
ij

W  and the constraints are expressed as: 
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  1 1 '( , ), , ( , ), , ( , )ij i j it jt in jnW x x x x x x  (17) 
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Finally, the minimum time distance sequence set 

 
1

N

ij j
W W


  between the sampled data of PQMD 

measurement points and the benchmark PQMD meas-

urement point can be obtained. 

D. Calibration Interval Harmonic Phase Angle Based 

on Adaptive Memory Mechanism for Artificial Fish 

Swarm 

To ensure the correctness and accuracy of HSE re-

sults, the AMAFSA method estimates the fundamental 

wave state. Subsequently, the missing fundamental 

phase angle information for the harmonic monitoring 

points is calculated. 

The AFSA is a heuristic algorithm with global opti-

mization capabilities and low sensitivity to initial values. 

Its specific formula can be found in [38]. However, the 

hyperparameter settings of AFSA usually rely on 

manual experience, which may not ensure optimal 

convergence accuracy. Therefore, this paper introduces 

a parameter adaptive adjustment mechanism to set the 

values of the field of view v  and step size s  at differ-

ent times to avoid falling into local optima: 

  min max min gbest( ) 1 ( ) ( )iv v v v f x f x      (19) 

  min max min gbest( ) 1 ( ) ( )is s s s f x f x      (20) 

where ( )if x  is the fitness value of the position; 

gbest( )f x  is the current global optimal value; minv  is the 

lower bound of the artificial fish visual field, with a 

value of 0.1; maxv  is the upper bound of the artificial fish 

field of view, with a value of 0.9; mins  is the lower 

bound of the artificial fish step size, with a value of 0.1; 

and maxs  is the upper bound of the artificial fish step 

size, with a value of 0.9. 

Concurrently, the memory mechanism is introduced 

to help the artificial fish compare its fitness value with 

its optimal position while seeking the optimal value. 

The expression of memory behavior is: 
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best

best
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＜
 (21) 

  best best( ) min ( ),  ( 1)i i if t f t f t   (22) 

Finally, the AMAFSA method sets the state quantity 

as the fundamental voltage amplitude and phase angle. 

The fitness objective function is formed: 

 
2

2 1

1
min

2x
w z Hx xf 





 

 
 (23) 

where w  is the measurement weight; H  is the state 

function; and  0,1  is the penalty factor. This paper 

determines the value with 0.05. The AMAFSA is set 

with the following parameters: population size of 68, 

maximum number of iterations of 10, initial step size of 

0.5, initial visual range of 0.3, and crowding factor of 

0.5. 

According to the recorded phase information of 

PQMD and the calculated fundamental wave phase 

information, the harmonic phase angle of the harmonic 

monitoring point  PQMD,

hz 
    is calibrated:  

 h h l

i i iθ φ θ             (24) 

where h

iθ    is the interval harmonic phase angle; h

iφ    

is the recorded interval harmonic phase information of 

PQMD; and l

iθ    is the calculated fundamental wave 

phase information. 

E. Create a Multi-source Harmonic Measurement Set 

This paper establishes a multi-source harmonic 

measurement dataset to achieve HSE by integrating 

µPMU and PQMD data. The multi-source data fusion 

framework for HSE is shown in the Fig. 3. 

 
Fig. 3.  Schematic diagram of multi-source measurement data 

fusion in distribution network. 

The specific approach is as follows. 

First, the minimum and maximum values of harmonic 

and fundamental statistics are extracted from each 

PQMD measurement  
1

N

ij j
W W


  to construct an in-

terval measurement dataset of PQMD: 

    PQMD ,  h h h

i iz I U            (25) 

where  PQMD

hz    is the PQMD interval harmonic 

measurement data set; 
h

iI and 
h

iU  are the amplitude 

measurement data of the PQMD interval node harmonic 

current and node harmonic voltage, respectively. 
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Then, the interval between the two sampled data of 

the benchmark PQMD is used as the μPMU  buffer, 

with the assumption that the buffer has cached many 

μPMU  sampled data. After converting the μPMU  

amplitude and phase angle data into a rectangular co-

ordinate system, the maximum and minimum values of 

the real and imaginary parts are extracted to establish an 

interval μPMU  phase measurement set: 

 
 

 

μPMU

,re ,re ,im ,im

μPMU μPMU μPMU μPMU

μPMU μPMU,1 μPMU, 
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μPMU, μPMU, μPMU, μPMU, μPMU, 

μPMU, μ

, ,

min , ,

max , ,

, ,

h h h h h

h h h

p

h h h

p

h h h h h

i i i i i

h

ij

z z j z z

z z z

z z z

e e j f f

I
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(26) 

where  μPMU

hz  
 is the μPMU  interval harmonic meas-

urement data set; μPMU

hz  and μPMU

hz  are the minimum 

and maximum values of the real or imaginary part of the 

μPMU  harmonic measurement data in the buffer pe-

riod, respectively; ,re

μPMU, 

h

ijI  and ,im

μPMU, 

h

ijI  are the minimum 

values of the real and imaginary parts of the branch 

harmonic current, respectively; while ,re

μPMU, 

h

ijI  and 

,im

μPMU, 

h

ijI  are the maximum values of the real and imagi-

nary parts of the branch harmonic current, respectively. 

Finally, the harmonic interval measurement data set 
hz    is constructed as: 

   μPMU PQMD PQMD,, ,h h h hz z z 
              z       (27) 

Ⅳ.   INTERVAL HARMONIC STATE ESTIMATION OF 

THREE-PHASE ASYMMETRIC DISTRIBUTION NETWORK 

BY INTEGRATING MULTI-SOURCE DATA 

A. Interval Harmonic State Estimation of Three-phase 

Asymmetric Distribution Network 

For the three-phase asymmetrical distribution net-

work, three-phase HSE is required to describe the net-

work’s harmonic conditions accurately. Some meas-

urement devices (such as PQMDs) provide statistical 

data in practical three-phase asymmetrical distribution 

networks. Additionally, while the actual values of 

network parameters are difficult to obtain, their upper 

and lower bounds can usually be determined. Therefore, 

this paper proposes a three-phase asymmetric interval 

HSE model using interval numbers. The interval HSE 

model is as follows: 

         
T T

:H W H x H W z  (28) 
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(30) 

where  x  is the inject current state variables for in-

terval nodes;  z  is the measured value of interval node 

voltage and branch current; and  H  is the select the 

Jacobian matrix of interval measurement function cor-

responding to the measured value. By introducing the 

transition interval vector  y , the formula can be fur-

ther equivalently transformed into: 
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It can be simplified as: 

    A X b                                  (32) 

 
 

 

 
 
 

 
 

T
0

0

 
 
  

 




 










  
 






 
 



A
W

y

H I

H

x
X

z
b

                 (33) 

The interval analysis method is widely used for 

solving interval linear equations, and this paper uses an 

improved Krawczyk operator to solve interval linear 

equation systems. The specific process is as follows: 

Assuming that  A  and  b  are both non-singular in-

terval matrices, for  A  A ,  b  b , and any given 
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non-singular deterministic matrix C, there is the fol-

lowing relationship: 

       1 1     A b Cb CA I A b C b C A I X    

(34) 

The iterative equation is defined as follows: 

      +1k k k            X C b C A I X X  (35) 

The Moore form of the Krawczyk operator is adopted 

in this paper. That is, C is taken as the inverse matrix 

form of m
A  as follows: 

 
1)( m C A  (36)
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(37) 

where  Mid   is the median function of the interval 

number. 

When the magnitude of the infinite norm of the in-

terval solution vector meets the given convergence 

criterion, the iteration is stopped: 

    1Wid Widk kx x 

 

       ＜  (38) 

where  Wid kx


 
   is the interval width function; 


  denotes the infinity norm, which typically repre-

sents the maximum absolute value of a vector’s com-

ponents; and the convergence criterion   is a given 

positive number approaching 0, normally set to 610 . 

However, the traditional Krawczyk operator gener-

ally employs the solution derived from the interval 

Gaussian elimination (IGE) method as the initial value. 

The IGE method is affected by the correlation of un-

certain variables, which results in overly conservative 

solutions that diminish their practical reference value. 

To avoid over-expansion of the final solution, this paper 

adopts the improved initial solution; the specific process 

is as follows. 

From ˆ AX b , the estimated value X̂  can be ob-

tained as: 

  ˆ ˆ  X Cb I CA X  (39) 

Further calculations show that: 

 ˆ   ≤X Cb CA XI  (40) 

After extracting the common factor, the formula is: 

 (1 ) ≤X Cb  (41) 

where 1


  ＜I CA  exists for C, which is the in-

verse of the   Mid .A In addition, due to 

,
 

 ≤I Ca I CA  the initial solution is as fol-

lows: 
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B. Evaluation Indicators 

To verify the accuracy, completeness, and conserva-
tism of the interval HSE results, considering the un-
certainty of the distribution network, this paper intro-
duces several evaluation indicators. These include the 
upper bound root mean square of the interval estimation 

 , the average completeness index  , and the average 

conservatism index  . 
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where ,up
ˆ h

k
  x  is the result of interval HSE at time k; 

,up
ˆ h

kx  and ,down
ˆ h

kx  are the upper and lower bounds of the 

interval HSE value at time k, respectively; 
h

ix  is the 

actual state value of bus i; ˆh

ix  is the interval HSE value 

of bus i; ,up

h

kx  and ,down

h

kx  are the upper and lower 

bounds of the interval state calculated by MC respec-

tively; N is the number of states; and k  indicates 

whether the actual value is in the interval HSE value. 

Ⅴ.   SIMULATION EXAMPLE 

A. Simulation Environment Introduction 

To verify the effectiveness of the proposed method, 

the three-phase asymmetric 34-bus is used as the test 

system. The distribution network operates at a voltage 

level of 24.9 kV, with a single-phase line reference 

power of 2.5 MVA. The photovoltaic generation is 

connected to phase C at bus 22, while wind power is 

connected to phase B at bus 34, simulating the imbal-

ance introduced into the system [39], [40]. The simula-

tion software is MATLAB 2023b, and the toolbox is 

MATPOWER and INTLAB V10.2. In addition, the 

measurement is configured according to the optimiza-

tion configuration method in [31], as shown in Fig. 4. 

Following the configuration outlined above, the 
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required harmonic measurement data is obtained 

through harmonic flow calculations. 

 
Fig. 4.  Improved 34-node distribution network system. 

Due to the unavailability of real data, the analysis 

relies on theoretical models and assumed data. First, the 

harmonic flow calculation results are used as the true 

values of the harmonic state, and random errors fol-

lowing a normal distribution are added to these results, 

which are then used as simulated harmonic measure-

ment values for each harmonic measurement device. 

The harmonic measurement error of each device is set 

according to the calibration accuracy of the respective 

equipment. Different levels of standard deviations are 

assigned to the measurements and network parameters 

to simulate their respective uncertainties. 

1) For μPMU  measurement data, the standard upper 

and lower limits for current measurement are 0.01% 

relative to the measured value, and the standard upper 

and lower limits for voltage measurement are 0.02% 

relative to the measured value. 

2) For PQMD measurement data, the standard upper 

and lower limits of voltage and current amplitude 

measurements are 1% of the corresponding measure-

ment values. 

Considering the influence of factors such as envi-

ronmental temperature and line aging on the line pa-

rameters, the resistance and reactance values of all lines 

can be set as ]0.97 ,  [ 1.03rr rr  and ]0.98 ,  [ 1.02xx xx  

respectively, where rr  and xx  are the rated values of 

resistance and reactance respectively.  

To simulate the asynchrony between measurement 

devices, it is assumed that the T  of each PQMD 

measurement point obeys a normal distribution with a 

mean of 0.95T and a variance of  
2

0.05T . 

Since PQMD conducts harmonic analysis calcula-

tions every 10 cycles and each 3 minutes statistical 

values are calculated, the sampled series of each PQMD 

within 24 hours are taken, and a sliding time window of 

9 minutes is set. Using the SWWDTW method, the 

minimum time distance sequence set between the sampled 

data of PQMD measurement points and benchmark 

PQMD measurement points can be obtained. Taking 

one PQMD series data and benchmark data within a 

specific time window as the example, the time distance 

in the time window is shown in Fig. 5, from which it can 

be seen that the time delay is 18×108 hours. Based on 

the time distance alignment data of each point in the 

time series, the PQMD sequence set with the minimum 

time distance is obtained, as shown in Fig. 6. 

 

Fig. 5.  Time distance between PQMD series and reference series. 

 

Fig. 6.  Alignment time asynchronous sequence. 

B. Effectiveness Analysis of HSE 

To evaluate the effectiveness of the proposed har-

monic source tracking method, the KMWLS algorithm 

and the WLS method are used to estimate and decom-

pose the harmonic state. Figure 7 illustrates the interval 

estimation of phase A node current. Given the high 

variability in distributed renewable energy output 

within real distribution networks, obtaining true deter-

ministic state estimation values for comparison is 
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impractical. Consequently, the interval HSE results 

derived from the MC method (900 samples per buffer) 

are used as the reference true value. 

 

Fig. 7.  The interval estimation of phase A node current in the 

IEEE34-node distribution system. 

Taking the real part of phase A in Fig. 7 as an exam-

ple, the results of KMWLS and WLS calculation can 

encapsulate the results of MC, which meets the re-

quirements of completeness. From Fig. 7, the interval 

width of KMWLS is narrower, indicating that the KM 

operator reduces the interval expansion to a certain 

extent. The specific performance indicators are shown 

in Table Ⅱ. The upper bound of KMWLS interval es-

timation, root mean square ,  and average conserva-

tism index   are relatively low. Due to the imbalance 

of three-phase loads, the performance index is particu-

larly prominent in phase A. Root mean square   of the 

real and imaginary parts of the node current are de-

creased by 25% and 12.5%, respectively, and   are 

decreased by 48.96% and 25.95%, respectively. These 

results also indicate that HSE in three-phase asymmetric 

distribution systems needs to consider the three-phase 

asymmetric load and other factors and cannot be sim-

plified as a symmetric system. 

TABLE Ⅱ 

COMPARISON OF PERFORMANCE INDICATORS BETWEEN INTERVALS 

Index 
Phase 

A B C 

  (p.u.) 

KMWLS 
Re 0.0018 0.0017 0.0014 

Im 0.0016 0.0015 0.0012 

WLS 
Re 0.0024 0.0018 0.0015 

Im 0.0018 0.0015 0.0012 

  (%) 
KMWLS 

Re 100 100 100 

Im 100 100 100 

WLS 
Re 100 100 100 

Im 100 100 100 

  (p.u.) 
KMWLS 

Re 0.9101 0.0526 0.0419 

Im 1.7833 0.0174 0.6768 

WLS 
Re 1.3258 0.5307 0.0423 

Im 1.7904 0.1753 0.6768 

C. Impact of Time Asynchronous Measurement Data Set 

To further analyze the impact of multi-source meas-
urements on interval HSE results, the time asynchro-
nous measurements with varying degrees are set up. The 
multi-source data fusion method is used to form asyn-
chronous datasets with different deviations, and the 
effectiveness of the method is verified. 

There are two cases of time asynchrony setting for the 
installed PQMD measuring device. Taking bus 32 as an 
example, the results are shown in Table Ⅲ. It can be 
seen that the greater the time asynchrony of the meas-
urement, the greater the estimation error. Compared to 
the estimation results without the fusion strategy, the 
results with the fusion strategy have smaller errors, 
indicating the effectiveness of the multi-source meas-
urement fusion in reducing measurement errors caused 
by measurement bias. However, the multi-source data 
fusion methods cannot fundamentally eliminate the time 
asynchronism of measurements, which is the inherent 
characteristic of the PQMD measuring devices. 

TABLE Ⅲ 

HSE RESULTS UNDER DIFFERENT MEASUREMENT DEVIATIONS 

PQMD asynchro-

nous time error 

Case of time asynchrony setting 

 
2

0.9 0.1T T   
2

0.8 0.2T T  

Whether to use a 

multi-source fusion 

strategy 

No Yes No Yes 

Relative error of 

amplitude lower 

bound (%) 

20.8648 8.2202 39.1568 22.9312 

Relative error of 

amplitude upper 

bound (%) 

15.8187 5.7654 45.8121 23.5650 

Relative error of 

lower bound of 

phase angle (%) 

5.6013 4.3935 26.4465 19.5260 

Relative error of 

phase angle upper 

bound (%) 

23.3566 6.6420 26.5541 22.8098 

D. Influence of Measurement Errors 

The maximum permissible error for harmonic meas-
urement is less than 5% of the measured value [41]. 
Accordingly, this paper applies different measurement 
errors to verify the effectiveness of the proposed 
method. Figures 8 and 9 show the performance 



PROTECTION AND CONTROL OF MODERN POWER SYSTEMS, VOL. 11, NO. 2, MARCH 2026 72 

evaluation indicators of HSE under different meas-
urement errors. When the network parameter deviation 
remains unchanged (the line parameter deviation range 
is set to 2%), the proposed method shows a small in-
crease as the measurement error increases. 

 
Fig. 8.  Estimated upper bound root-mean-square performance 

index results considering different measurement errors. 

 
Fig. 9.  Average conservative performance index results consid-

ering different measurement errors. 

Taking phase A as an example, the real and imaginary 
parts of   are increased by up to 5% and 5.56%, re-

spectively; while the real and imaginary parts of   are 

increased by up to 345.31% and 9.19%, respectively. 
Since the proposed method uses intervals as model 
inputs, larger measurement errors lead to wider interval 
measurements. Consequently, the average conservatism 
of the interval HSE is doubled. This shows that for 
interval measurement data, the greater measurement 
errors, the greater the influence on the interval estima-
tion results. 

E. Uncertainty Analysis of Line Parameters 

To further analyze the impact of line parameter un-

certainty on interval HSE results, this paper assigns 

different levels of uncertainties to the line resistance and 

reactance values, thereby expanding the fluctuation 

range of line parameters. Figures 10 and 11 show the 

performance evaluation indicators of HSE considering 

line parameter changes. When the measurement error 

remains unchanged (the measurement deviation range is 

set to 1%), each indicator increases to a certain extent as 

the network parameter deviation increases. 

 
Fig. 10.  Estimated upper bound root-mean-square performance 

index results considering line parameter variation. 

 
Fig. 11.  Average conservative performance index results con-

sidering line parameter variation. 

Taking phase A as an example, the real and imaginary 
parts of   are increased by up to 14% and 23.53%, 
respectively; while the real and imaginary parts of   

are increased by up to 101.47% and 4.75%, respectively. 
It can be seen that the deviation of network parameters 
has a certain impact on the HSE. Because the deviation 
of network parameters changes the mapping relation-
ship between the harmonic source distribution vector 
and state sufficient statistics to a certain extent, the 
trained model cannot represent the actual mapping re-
lationship, and the accuracy of the model decreases. 

F. Effectiveness of Harmonic Source Traceability 

The harmonic source location based on HSE operates 
on the following principle. Assuming the estimated 
value of the hth injected harmonic current exceeds the 
maximum allowable value for that node, in this case, it 
is determined to be an hth harmonic source. The esti-
mated amplitude of the harmonic state of each bus under 
the 5th, 7th, and 11th harmonics is identified. The re-
sults are shown in Figs. 1214. As seen, KMWLS can 
precisely identify harmonic sources at phase A of 10 
buses and bus 32, indicating the effectiveness of the 
proposed HSE method. 

 
Fig. 12.  Results of locating the 5th harmonic source. 
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Fig. 13.  Results of locating the 7th harmonic source. 

 
Fig. 14.  Results of locating the 11th harmonic source. 

G. Robustness Tests 

To validate the robustness of the proposed method, 
experiments are conducted within the 123-bus network. 
The network structure is shown in Fig. 15, with the 
installation nodes of measurement devices detailed in 
Table Ⅳ. The measurement error setting of each 
measuring device is the same as that of the 34-bus 
network. Measurement devices are installed at 21.6% of 
the total network nodes, a proportion consistent with the 
sparse distribution of real distribution networks and 
reflecting the limitations of measurement device de-
ployment in actual distribution networks. The analysis 
is carried out in this environment to prove the adapta-
bility of the proposed method in practical application. 

 
Fig. 15.  IEEE123 three-phase network. 

TABLE Ⅳ 

MEASUREMENT LOCATION IN TEST SYSTEMS 

Measurement types Placement locations 

μPMU 13, 25, 35, 54, 60, 67, 108, 125 

PQMD 
3, 15, 21, 44, 47, 51, 64, 70, 74, 78, 81, 

86, 93, 99, 101, 103, 110, 122, 123 

To verify the effectiveness of the multi-source 
measurement fusion method, simulations are conducted 
in the aforementioned environment, using phase A as an 
example. The 5th harmonic results are shown in Fig. 16. 
It can be seen that the WLS method using a single type 
of measurement device leads to misjudgments in har-
monic source localization. In contrast, the multi-source 
measurement fusion technique improves the system’s 
observability, and the KMWLS method effectively 
locates harmonic sources. 

 
Fig. 16.  The estimated amplitude of each node. 

Subsequently, based on multi-source measurement 
fusion, the original KM algorithm is introduced for 
comparison, using phase C as an example. The specific 
results are shown in Fig. 17. It can be observed that the 
KMWLS algorithm offers finer interval widths, ena-
bling more accurate harmonic state estimation results. 

 
Fig. 17.  Real and imaginary parts of phase C node current. 
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Ⅵ.   CONCLUSION 

This paper proposes a multi-source asynchronous 

harmonic data fusion strategy for distribution networks, 

which avoids incompatibilities between multi-source 

data and improves the observability of harmonic state 

estimation. Meanwhile, a three-phase asymmetric 

harmonic state estimation model is established, and the 

interval method is used to reflect the uncertainty of the 

harmonic operation status in the three-phase distribution 

network. The proposed method is validated on the 

IEEE-34 and IEEE-123 systems. The results show that 

the proposed method can be applied to distribution 

networks with limited harmonic measurement devices, 

and is capable of harmonic source localization. Future 

research can focus on developing dynamic harmonic 

state estimation methods that account for the harmonic 

characteristics of distributed renewable energy sources. 
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